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Abstract. In this paper, we prove some estimates of the volumes of the sets of translation 
surfaces of area one which have several small, disjoint saddle connections. These estimates can 
be viewed as generalizations of a result of Masur-Smillie. The main idea of the proof is based 
on an upper bound of some integrals on the spaces of translation surfaces with marked saddle 
connections which already appeared in MN12I . 

1. Introduction 

1.1. Abelian differentials. Fix k = (ki,... ,k n ), k t e N, and let "K(^) denote the moduli space 
of pairs (M, co), where M is a compact Riemann surface, and co is a holomorphic 1-form which 
has exactly n zeros with orders k\, . . . ,k n . The one-form co defines a flat metric structure on M 
whose transition maps are translations z h> z + cofR 2 - C. The singularities of this metric are 
the zeros of co, the cone angle at a zero of order k is 2n(k +1). The space < H(k) is called a stratum 
of the moduli space of translation surfaces of genus g, where g and k are related by the equation 

ki + ■ ■ ■ + k n = 2g - 2. 

We denote by "TYi(fc) be the subset of r H(k) consisting of surfaces of area one (with respect to the 
flat metric). It is sometimes useful to consider translation surfaces with marked regular points, 
in this situation, we consider the marked points as zeros of order of co. This convention does 
not affect the arguments in what follows. 

It is well known that the space r H(k) is a complex algebraic orbifold, equipped with a natural 
volume form fi coming from the period mapping (see Section [2T2T ). We have dime "H(fc) = 2g + 
n-1. Let Hi be the volume form on < Hi(k) which is defined by the formula 



d/u = dn\dh, 

where A is the area function. 

Given (M, co) e *H(fc), a saddle connection on M is a geodesic segment for the flat metric 
whose endpoints are singularities (the endpoints are not necessarily distinct). We denote the 
length of a saddle connection y by \y\. 

Definition 1.1. Let {y\, ... , y m } be a family of saddle connections on M. This family will be 
called an independent family if the following conditions are fulfilled 

l 
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(i) int(y,-) n int(y ; ) = 0ifi± j, 

(ii) the family {[71], ... , [y m ]} is linearly independent in H[(M, {pi, . . . , p n }; R), where p\,...,p n 
are zeros ofco. 

Given e = (e\, . . . , e m ) G (R>o) m , let us de note by *H{™ (fc) the subset of consisting of sur- 
faces (Af, o>) G on which there exists an ordered independent family of saddle connections 
{yi,..., 7m} such that 

< ej, j = l,...,m. 

When ej are small enough, such a family only exists if m < dim c 'H(fc) = 2g + n - 1. In this 
paper, we will prove the following theorem, which provides an estimate of the volume of the set 

Theorem 1.2. For a/ry m < dim c < H(k), there exists a constant C = C(k, m) such that 

ft (^ ) ©)<c e f...i 

1.2. Quadratic differentials. Let M be a compact Riemann surface, and <p be a meromorphic 
quadratic differential on A/. The quadratic deferential defines on M a flat metric structure 
whose transition maps are of the form zh +z + c, c is constant. If J |0| 2 is finite, which implies 
that all the poles of 4> are simple, the area of this metric structure is finite, and its singularities are 
isolated cone points corresponding to the zeros and poles of <p. The cone angle at a zero of order 
k is (k + 2)n, where a zero of order -1 is a simple pole. 

In the case </> = co 1 , where a; is a holomorphic one-form, the flat metrics defined by <p and 
co are the same, thus we will be only interested in quadratic differentials which are not square 
of any holomorphic one-form. In this case, the corresponding flat surface is sometimes called a 
half-translation surface. 

There is a natural stratification on the set of quadratic differentials by the orders of their zeros, 
we denote by Q(d), d = (d\,..., d n ), d t e {-1, 0, 1, 2, ... }, the set of pairs (M, <p) where cp has 
exactly n zeros, with orders given by d, and <p is not the square of a holomorphic one-form. By 
convention, a zero of order is a marked regular point of the flat metric. Remark that the genus 
of M is determined by the formula 

di + ■ ■ ■ + d n = 4g - 4. 

It is well known that Q(d) is also a complex algebraic orbifold of dimension 2g + n - 2, which is 
equipped with a natural Lebesgue volume form p. Let Qi(d) denote the subset of Q(d) consisting 
of surface of area one, then we have a volume form p\ on Qi(d) which is defined by 

dp = dAdpi, 

where A is the area function on Q(d). 

Given a meromorphic quadratic differential (M, cp), which is not a square of a holomorphic 
one-form, there exists a canonical (ramified) double covering ji : M —> M such that the quadratic 
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differential = n*{<p) is the square of a holomorphic one-form a> on M. We have an involution 
x : M — » M satisfying g = x(p) if and only if Jt(p) = n(q), and x*o> = Let S denote 
the set of singularities of the flat metric structure defined by (f> on M. We will call a geodesic 
segment y with endpoints in 5 a saddle connection of M. The pre-image of y in M consists of 
two geodesic segments y 1 , y 2 with endpoints in S = 7t~ l (S). We choose the orientation of y 1 and 
y 2 so that x(y l ) = -y 2 and x(y 2 ) = -y 1 . We will denote by [y] the homology class in Hi(M, S ; Z) 
represented by [y 1 ] + [y 2 ]. We have a natural decomposition 

#i(M,5;R) = //i(M,S;Rr ®//i(M,5;R) + , 

where H\(M, S;W) ± are the eigenspaces of x corresponding to the eigenvalues +1 respectively. 
By definition, [y] belongs to H X {M, S ; R)~, and to belongs to H\M, S ; C)~ = HomRCf/^M, S ; R)~, 

Definition 1.3. Let {y\,...,y m } be a family of saddle connections on M. We will say that 
{71, ... ,7m} is an independent family if the following conditions are fulfilled 

(i) int(y ; ) Pi int(y 7 ) = ifi^ j, 

(ii) the family {[71], ... , [y m ]} is independent in Hi(M, S ; R)~. 

For all e = (61, . . . , e m ) 6 (R >0 ) m , where m < dimc<3(J) = 2g + n - 2, let us denote by 
the set of (M, 0) e Qi(d) such that there exists an ordered independent family of saddle 
connections {y l5 . . . , y,„} on M satisfying 

\yj\ < €j, j = l,...,m. 
Similar to the case of Abelian differentials, we will prove 

Theorem 1.4. For any m < dim c Q(d), there exists a constant C = C(d, m) such that for every 
e e (R> ) m , we have 

/ j l (Q\ m ^d))<Ce 2 ...e 2 1 . 

1.3. Outline. The main results of this paper are proven as consequences of some estimates of 
integrals over the spaces of (half-)translation surfaces with marked saddle connections. Roughly 
speaking, for each e we will define a function $ e on the spaces of (half-)translation surfaces 
with m-marked saddle connections which involves the area of the surface and the lengths of the 
marked saddle connections. Theorems 1 1 .21 and 1 1 .41 then follow from the fact that the integral of 
g £ is bounded by Ke\ ... 6^ (see Theorems 12.31 and 16.11) . where K is a constant. The proof of 
these estimates uses construction of translation surfaces from triangles in R 2 , and similar ideas 
as in llNl2l . 

This paper is inspired from the work [EMZ03 , MZ08J of Eskin, Masur, and Zorich in which 
they carefully study the neighborhood of the boundary of moduli spaces of Abelian differen- 
tials and quadratic differentials to obtain formulae relating the Siegel-Veech constants and the 
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volumes of the strata. One important ingredient of the proof of their results is a result of 
Masur-Smillie, which gives an estimate on the volume of the set of quadratic differentials which 
have two small non-parallel saddle connections (see [EMZ03J, Lemma 7.1 and EMS91H Theo- 
rem 10.3). In this perspective, Theorem 1 1.21 and Theorem 1 1.41 can be considered as a generaliza- 
tion of Masur-Smillie's estimate. 

2. Translation surface with marked saddle connections 

2.1. Translation surfaces with marked saddle connections. 

Definition 2.1. Let us denote by ( H (m \k) the moduli space of triples (M, to, {y\, . . . , y m }), where 

• (M, to) belongs to 

• {y l5 . . . , y m ] is an independent ordered family of saddle connections. 

Let X = (M, to, {yi, . . . , y m \) and X' = (M', to', {y\,..., y'J) be two elements in <H {m \k). We 
say that X and X' have the same topological type if there exists a homeomorphism (p : M —> M' 
which realizes a bijection between the sets of zeros of to and to' preserving the orders, such that 
ip(yi) = y\. For a fixed vector k = (k\, . . . , k n ), there are only finitely many topological types for 

surfaces in < H ( " I) (&). 

2.2. Local chart and volume form. Let us first recall the definitions of local charts and volume 
form on using the period mapping. Let (M, to) be a pair in < H(k). The zeros of to are 
denoted by p x ,...,p n , and their orders by is k, respectively. Let \c\, . . . ,C2 g+;1 -i} be a set of 
curves on M which is a basis of H\(M, {p\, . . ., p n }; Z). For any element (M', to') close enough 
to (M, to) in < H(k), we denote by {c[, . . . , c' 2 _ t } the corresponding curves on M'. We can then 
define a map O from a neighborhood of (M, to) into C 2g+ " _1 , which sends a pair (M', to') to the 
vector ( f to', . . . , f, to'). The map O is called the period mapping. It is well known that O is 

C l ^Ig+n-l 

a local chart for 7-i(k), hence 'H(^) has a complex orbifold structure of dimension 2g + n - 1. 

Let ^2(2g+n-i) denote the Lebesgue measure of C 2g+n ~ [ - M} {2g+n ~ l) . Since the bases of 
H{(M, {/?!,..., p n }; Z) are related by elements of the group GL(2g + n - 1, Z), the volume form 
0*X 2 (2g+n-i) is well defined on We denote this volume form by p. 

Let denote the subspace of 'H(fc) consisting of pairs (M, to) such that JT \to\ 2 = 1. An 

element of ( H\(^) corresponds to a translation surface of area 1. The volume form p induces a 
volume form p\ on < Hi(k) by the following relation 

dp = dAdpi. 

where A is the area function. It is proved by Masur [M82J and Veech HV90I that the total volume 
of "Ki(fc) with respect to p\ is finite. 

There is an obvious projection q : < K (m) (fc) — > 'H(fc), which maps the triple (M, to,{y\,..., y m }) 
to the pair (M, to). If (M', to') e 'H(k) is close enough to (M, to), then there also exists m saddle 
connections y' v ■ ■ ■ , y' m on M' such that X := (M, a;, {y 1? . . . , y m }) and X' := (M', a/, {y'j, . . . , y' m }) 
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have the same topological type. Therefore, we can identify a neighborhood of X in "H (m) (fc) 
with a neighborhood of (M,a>) in < H(k), and use O to define local charts for < H (m) (k). Since 
{[ji], ■ - • . [y«i]} is an independent family in Hi(M, {pi, . . . , p n }; Z), we can choose a basis 
[c u . . .,c 2g+n -i} of #i(M, {/?!, . . .,/?„};Z) such that ci = yi, ...,c m = y m . 

The projection g is clearly locally homeomorphic. Thus, we can pullback the volume form p. 
of fiik) to < H (m) (fc). By a slight abuse of notation, we will also denote by p this volume form on 
< K (m) (fc). Let us now resume what we have seen in the following 

Theorem 2.2. ( H (m) {]€) admits aflat complex affine orbifold structure ( that is, the transition maps 
are complex linear transformations) of dimension 2g + n — 1, for which p is a parallel volume 
form (i.e. invariant by transition maps of the flat complex affine structure). 

2.3. Energy functions. For every e = (ei,...,e m ), with ej > 0, we define a function g e : 
< H (m) (k) — > Rby the following formula 

m I |2 

\ : (M, co, { 7l , . . . , y n }) ^ exp(- £ ^- - A(M)). 

7=1 6 i 

Theorem 1 1.2l is a consequence of the following 

Theorem 2.3. There exists a constant K = K(k, m) such that 

f % e dp<Kel...el 

JW"1(k) 

The proof of this theorem will be given in Section [5] 

2.4. Proof of Theorem lL2l 

Proof. Let us now give the proof of II .21 using Theorem O Let <Hjj* \k) be the subset of < H(k) 
consisting of surfaces (M, a;) on which there exists an independent family of saddle connections 
tri.---.7m} such that 

|y/ < e?A(M). 

Note that < Hf ,) ® = R* • where the action of R* is given by t • (M, co) = (M, tco), t e R* . 

Let 'Kf } © c <H (m) (fc) be the pre-image oWf^© by the natural projection q : 'K (m) ® -> 
Theorem 12.31 clearly implies 

(1) f &dp<Ke 2 l ...el 

Let us define the function f : 'H(fc) — » R as follows 
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f e : (M, to) i > e 



By definition, we have 



-Af/i/i ^ 

k independent family in M 



J?4 m) ® J<ni'" } (k) 



_(W 2 +...+ !22»£) 



/•Hf ® 

But if (M, to) e < Hl ; m \k), then by definition there exists at least an independent family . 
in M such that 



,7» 



Thus on ^ m \k), we have 



. ( b^ + ... + b^) 



> e 



-mA(M) 



and dU) implies 



(2) 



feQ > e 



-(m+l)A(.) 



r e - (m+i)A J//<^...^ 



Recall that the space < H(k) can be locally identify with an open of R 2N ,N = 2g + n - 1, so 
that [i is the Lebesgue measure. By this identification, 'Hi(^) corresponds to the hypersurface Qi 
defined by the equation A = 1 . Let us make the following change of coordinates 

O: QiX]0,+oo[ -> R 2N 
(v, t) h-> t • v. 

Note that we have 0*A(v, t) = t 2 . Using the relation djx = dhd\i\ on Qi, one can easily check 
that 



Vdn = 2t 2N - x dtd^. 



Therefore, 

r e-^ A dfi= [ i r°°2t 2N -\ 

J-Hf 1 ® J-W^® \Jo 

It follows immediately from © that 



-(m+l)f 



dtjdfii. 
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^CH}J®)<Cef...4 

Theorem 1 1.21 is then proven. 

□ 

3. TRIANGULATIONS AND LOCAL CHARTS 

Let X := (M, to, {y\, . . . , y m }) be a point in t H (fn \k). It is a well known fact that there always 
exists a geodesic triangulation T of M whose vertices are the singular points such that the family 
{yi, ... , y m } is included in the 1 -skeleton T (1) of T. We will call such a triangulation an admissible 
triangulation. Let N\,N2 denote the number of edges and the number of triangles of T respec- 
tively. Note that and N 2 are completely determined by the genus g of M and the number n of 
zeros of co, namely, we have 

Ni = 3(2g + n-2) and N 2 = 2(2g + n-2). 

Choosing for each edge of T an orientation, we can then associate to each oriented edge e a 
complex number Z(e) = co. Thus, the triangulation T provides us with a vector Z e C^ 1 . The 
coordinates of Z must satisfy the following condition: if e h ej, are three edges of a triangle of 
T, then we have 

(3) ±Z(e i )±Z(e j )±Z(e k ) = 0. 

The signs of Z(ei),Z(ej),Z(ek) depend on their orientation. We have N 2 equations of type ©, 
each of which corresponds to a triangle in T (2) . Let St denote the system consisting of those 
linear equations, and V T be the subspace of solutions of St in C Nl . 

Lemma 3.1. Let Z' be a vector in V T . IfZ' is close enough to Z then there exists 

• an element X' = (M', co', {y\, y'J) e < K (m) (fc) close to X, 

• an admissible triangulation T' of M', 

• a homeomorphism cp : M — » M' which maps T to T, 

such that Z' is the vector associated to T. 

Proof. We consider Z as a function from T (1) to C (where T w is the fc-skeleton of T, k = 0, 1, 2). 
We can construct a flat surface from Z' e V T as follows 

(a) construct a triangulation from Z'(e,), Z'(e ; ), Z'ie^), whenever there exists a triangle in T (2) 
which contains e,-, ej, e k ((«,-, ej, eu) are distinct edges), 

(b) glue two triangles together if the corresponding triangles in T (2) have a common edge. 

This construction provides us with a surface M' equipped with a flat metric structure with cone 
singularities. Since we only identify edges which have the same direction and the same length, 
the 1-form dz on C is preserved by the gluings. Therefore, we also get a holomorphic 1-form 
co' on M', and hence a translation surface. As all the topological invariants (orientation, genus, 
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number of singularities, cone angles) are discrete, it follows that if Z' is close enough to Z then 
(M', to') has the same topological invariants as (M, to), hence (M', to') £ 7-{(k). 

The surface (A/', to') comes equipped with a geodesic triangulation T, the triangles of T are 
formed by triples of vectors Z'(ei),Z'(ej),Z'(ek) which satisfy an equation of type ©. From the 
construction of M', we have a homeomorphism <p : M — » M' which sends a triangle of T to a 
triangle of T. Set y'. = fiyj), then (M', a;', {y'j, . . . , y' M }) is an element of < H^ m \k) which has the 
same topological type as (M, oj, . . . , y m \). □ 

From Lemma [3TT1 we see that one can define a map 



where H is an open subset of V T that contains Z. Actually, we have 

Proposition 3.2. For 1A small enough, ^t is continuous and injective, it realizes an homeomor- 
phism between tl and its image. 

Proof. Let us first show that dime Vt = 2g + n — \. Since dim H\(M, {pi, , ..,/?„}; Z) = 2g+n- 1, 
where pi,...,p„ are the zeros of to, there always exists in T (1) a family of 2g + n - 1 edges 
such that if we cut M along this family the resulting surface is a union of topological disks. Let 
S = {e\,. . ., e2 g +n-\ \ be such a family. 

Recall that every equation in St corresponds to a triangle in T (2) , we write the equation associ- 
ated to a triangle coherently with the orientation of its boundary. Since every edge e of T belongs 
to two triangles, Z(e) appears in exactly two equations with opposite signs. Thus, the sum of all 
equations in St is the trivial equation = 0, which implies that rk(ST) < N% — \, therefore we 
have 



Assume that e\,...,ei are the k edges of T which bound an open embedded disk D in M. The 
disk D is divided into triangles in T (2) , by taking the sum of the equations corresponding to the 
triangles contained in D, we get 



If e e T (1) is an edge which does not belong to the family !B, then e and some edges in S 
bound an embedded disk in M. It follows from © that we can write Z(e) as a linear function of 
(Z(ei), . . . ,Z(e 2 g+n-\))- Therefore, we have 



(4) 



dim V T > Ni - (N 2 - 1) = 2g + n - 1. 



(5) 



±Z(g 1 )±...±Z(g ft ) = 0. 



(6) dim c V T < 2g + n - 1 . 

From © and ©, we can conclude that dim c V T = 2g + n — 1, and the map 
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F T : V T -> £ 2g+ "- 1 

Z i-» (Z(ei),,..,Z(e 2 g + n-i)) 

is an isomorphism. 

There exists a neighborhood <V of (M, co, {y\, . . . , y m \) in < H (m) (K), such that the period mapping 
<J> : (M, co) h-> (J^ co, . . . , | co) is a local chart on r V. Consider the map 

Oo>P T : V^CV) C 2g+re_1 . 

By definition, we see that O o YtCZ) = F T (Z) = (Z(e\), . . . ,Z(e 2 g+n-i)X therefore O o f T is a 
restriction of the map F T . Since F T is an isomorphism, O o is continuous and injective, and 
the proposition follows. 

□ 

4. Special triangulation 

4. 1 . Construction. From Proposition I3.2[ we know that there is a locally homeomorphic map 
from some open subset of V T into r H ( - m> (k). Our goal in this section is to specify an open subset 
of V T on which this map is one-to-one. For this purpose, we first construct for each surface in an 
open dense set of < H (m \k) a particular triangulation which will be called special triangulation. 

Let X := (M, co, {y u . . . , y m }) be a point in < H ( " l) (k), and pi, ...,p n be the zeros of co. Let £ be 
the vector field which is defined on M \ {p\ , . . . , p n ] by the following condition, in any local chart 
of M such that co = dz, we have £ = d y . The orbits of the flow generated by £ are called vertical 
geodesies in M. 

Let <H {m) (Kf denote the set of (E, {y u . . . , y m }) verifying 

(a) none of the connections {yi, ... , y m } is parallel to the field 

(b) every geodesic ray emanating from the singular points of M, which are called separatri- 
ces, in directions +£, intersects the interior of one of the saddle connections . . . , y m }. 

Lemma 4.1. , H (m) (fc)* is an open dense subset ofH {m) {k). 

Proof. It is not difficult to see that both conditions (a) and (b) are open conditions, thus < H (m) (fc)* 
is an open in *H (m) (fc). 

To see that ^'(fc)* is dense, let us consider an element X = (M, co, {yi, . . ., y m }) e < H (m) ® . 
By a classical result (see for example [MT02]), we know that the set of 9 e S 1 such that the 
vertical flow on the surface (M, e l6 co) is not minimal is countable, which implies that the set 
of 9 e S 1 such that the flow in direction 9 is minimal is dense in S 1 . For any 9 e 0, if y is a 
saddle connection, then the direction of y is different from 9, and every separatrix in direction 
9 must intersect y (since such a separatrix is dense in M). It follows in particular that we can 
find a sequence {9k} c converging to such that (M, e' dk co, {y\, . . ., y m \) belongs to "H (m) (fc)*. 
Therefore X is contained in the closure of *K (m) (fc)*, and the lemma follows. □ 
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Suppose from now on that X belongs to < H (pi \k)*. We truncate all the geodesic rays from the 
singularities of 2 in directions at their first intersection with the set 1 int(y 1 ). Note that, for 
any geodesic segment cr in 2 which is not parallel to by using the isometric embedding of a 
neighborhood of cr into K 2 so that £ becomes the vertical field d y = (0, 1), we can specify the left 
and right endpoints of cr. In what follows, all the geodesic segments are oriented from the left to 
the right. 

Pick a saddle connection y in the family {yi, . . . , y m }. If 77 is a vertical geodesic ray from a 
singular point that intersects int(y), we say that rj is an upper ray (resp. a lower ray) at y if 77 
reaches y from the upper side (resp. lower side). Equivalently, 77 is a upper side (resp. lower 
side) at y if it starts from a singular point in direction (resp. £). 

Let A and B denote the left and right endpoints of y respectively. We denote by rj^ , . . . , rf k the 
upper rays at y from the left to the right. The endpoints of rf. will be denoted by Pj and Qj, where 
Qj e int(y), and Pj is the singularity where the ray 77J starts. Note that we may have Pj = Py 
even if / ± j. 

We will find a family of embedded triangles in M with disjoint interior whose union contains 
all the segments 77^ by the following procedure: let j be the smallest index such that | = 
min{|77||, j = 1, . . . , k}. Using the developing map, we can realize y and j/t as two segments AB 

and Pj Qj respectively in the plane K 2 , where Qj e AB, and Pj Q Qj Q is vertical. Let A denote the 
triangle in R 2 with vertices A, B, P jo . 

Claim 4.2. There exists a locally isometric map <p : A — > M which satisfies: 
. <p(A) = A,<p(B) = B,<p(P j0 ) = P j0 , 

• <^(int(A)) is disjoint from the family {yi, . . . , y m }, 

• the restriction oftp to int(A) is an embedding. 

In particular, A = (p(A) is an embedded geodesic triangle in M whose vertices are singularities 
of the flat metric. 

Proof. Let (if/,), t € R, denote the flow generated by £ on M. Given a point p in M \ [p\, . . . , p n }, 
if there exists s > such that \J/ S {p) e (U^y,) U {p\, . . . , p n \, then for every t > s, we consider 
by convention that \J/ t {p) = iff s (p)- 

Set t = I, and consider the set L = U < ( < ?0 ^ f (y) c M. Note that P jo e 0> o (y). If <A«(y) 
is disjoint from U m =l yj for all t e]0, t [, then L is isometric to a parallelogram P in K 2 with two 
vertical sides of length t , the lower side of this parallelogram is AB, and the upper side contains 
Pj . In general, L is isometric to a polygon L included in the parallelogram P. The additional sides 
of L correspond to subsegments of {y u . . . ,y m }. The hypothesis |?/t | = min{?7|, j = 1, . . . ,k} 

implies that L is convex. Therefore, A is included in L. 

We have naturally a map <p : A — > M which is locally isometric such that (p(A) = A, <p(B) = 
B, <p(Pj ) = Pj . Since the polygon L is convex, ^(int(A)) n (Uj =1 y 7 ) = 0. 
Assume that ^|int(A) i s not an embedding, then there exists D,E 6 int(A) such that tp(D) = (p(E). 
Set~v = DE e R 2 . Since M is a translation surface, if P, Q e A satisfy ,P<2 = +~v , then we have 
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(p(P) = (p(Q). It is not difficult to see that there exists a point P e A \ {A, B, Pj } such that one of 
the following holds 



PPj = ±7, 
PA = ±v, 
PB = ±~v. 

Since <p(P) must be a regular point of the flat metric, we get a contradiction. Therefore, we can 
conclude that the restriction of (f to int(A) is an embedding. 

□ 

Let y and y" denote the saddle connections corresponding to the sides APj Q and BPj Q of 
A. By construction, 7/t is contained in the triangle A, and all the other segments in the family 
{77J, j + j } intersect either y' or y". We can now apply the same arguments to y' and y" and 
continue the procedure until we get a family of embedded triangles that covers all the segment 

Remark 4.3. Let us make the following important observation on the sides of the triangles we 
have constructed: if 8 is a side of one of the triangles above, 5 is not contained in the family 
[yi, . . . , y m }, then 5 is one side of an embedded vertical trapezoid P in M, whose vertical sides 
corresponds to two vertical segments tf, tf, and the opposite side of 6 in P is a subsegment QiQj 

I J J 

°f 7- We will call QiQj the projection of 6 on y. Let 5' be another side of one of the triangles we 
obtained, and Qt'Qy be its projection on y. By construction, if QiQj and QyQy intersect then 
either QiQj c Q f Q f , or Q r Q f c QiQj. 

By a symmetric procedure, we can find a family of embedded triangles, whose vertices are 
singularities of the flat metric, with disjoint interiors that covers all the vertical rays that intersect 
y from the lower side. Note that for this case, we choose j to be the largest index such that 
I77T I = min{|77T|, j = !,...,£}, where 77J are the lower rays at y. 

Applying this construction to all of the saddle connections in the family {71, ... , y m ], we get a 
collection of embedded triangles {A a , a e 1} in M with vertices in the set {p\, . . .,p n }- 

Claim 4.4. The family [A a , a e 1} is a triangulation of M. 

Proof. We first show that if A lfl and A ff2 are two triangles in this family then int(A Q , 1 ) n mt(A a2 ) = 
0. Assume that intCA^) n in^A^) + 0, since a triangle in {A a , a £ 1} cannot be included in the 
other one, there must exist a side 5\ of A^, and a side 6 2 of A a2 such that int^) n int(<5 2 ) ± 0. 
By construction (see Remark H31) 6 { is one side of an embedded vertical trapezoid P,. Note that 
the endpoints of are singularities of M, thus they cannot be included in int(P,). Recall that 
opposite side of <5, in P, is a subsegment of a saddle connection in the family {71, . . . ,y m }. By 
construction, 5, and the vertical sides of P ( do not intersect the set Ui<,< m int(y,). Using these 
properties, one can easily check that if int(^i) n mt(6 2 ) 4 then we have a contradiction. 
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It remains to show that the union of all these triangles is M. Let M' be the closure in M of the 
set M \ (U ae /A a ). If M' ± 0, then M' is a flat surface with piecewise geodesic boundary. Let 
V be the finite subset of M' which arises from the singularities of M. We can triangulate M' 
by geodesic segments with endpoints in V. Consider a triangle A in this triangulation. We can 
embed isometrically A into R 2 such that ^ is mapped to the vertical vector field d y . Consider the 
vertical rays starting from the vertices of A, we see that there always exists a ray that intersects 
int(A). This intersection corresponds to a subsegment of a separatrix in direction +£. But by 
construction, such a subsegment must be contained in the union of {A a , a e /}, and we have a 
contradiction. The claim is then proven. 

□ 

We will call this triangulation constructed above the special triangulation of (M, a>, {71, . . . , y m }). 
By construction, this triangulation is unique. Note that such a triangulation only exists for sur- 
faces in <H (m) (fc)*. 

4.2. Characterizing special triangulation. Let T be the dual graph of the special triangulation 
T of (M, to, {71, . . . , y m \), the vertices of Y are the triangles in T (2) , and the (geometric) edges of Y 
are the edges in T (1) . Remark that T is a trivalent graph, with N 2 vertices and N\ edges. At each 
vertex of Y, we have a cyclic ordering on the set of edges incident to this vertex which is induced 
by the orientation of the surface. 

For any y ; , the union of the triangles that covers the vertical separatrices that intersect 7,- from 
the upper side (resp. lower side) is dual to a subgraph of Y which is a tree, we denote this tree 
by T, + (resp. T, _), and choose its root to be the vertex dual to the triangle containing y,-. By 
construction, all the trees r ;>± are disjoint, and any vertex of Y belongs to one of those trees. Note 
that if no separatrix in direction -£ (resp. £) reaches int(y), then the tree r i>+ (resp. T, _) is empty. 
Let us define 

Definition 4.5. Let Y be a trivalent graph ofN 2 vertices and N\ edges, the set of edges incident 
to each vertex is equipped with a cyclic ordering. Let Y i s , i e {1, . . . , m], e e {+} be 2m disjoint 
subgraphs ofY, each of which is a tree with a specified root (Y i E can be empty). We will say that 
(Y, {Y iE }) is an admissible family of graphs if the following conditions are satisfied. 

• any vertex ofY belongs to one of the trees Y ie , 

• for each i e {1, . . . , m) the roots ofY i + and Y { _ are connected by an edge ofY. 

By definition if (r, {Y i ± }) arises from the special triangulation of (M, a>, {71, . . . ,y m }), then 
(r, {r, j± }) is an admissible family of graphs. Let us now choose a numbering of the edges of Y as 
follows: 

(a) we assign the edges dual to {71, ... , y m } to be {e\, . . . , e m } respectively, 

(b) we next number the edges in the trees r i ± subsequently in such a way that , for each r ; e 
(b.l) if e h ,e i2 belong to r ;e , and the distance from e h to the root is smaller than the dis- 
tance from e i2 to the root then i\ < i 2 , 
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r 2 .+ 

/V 

t r 

Figure 1 . Special triangulation and dual graphs of a surface in < H (2) (2). 

(b.2) if e h ,ej 2 ,e i3 , with i\ < i 2 < z'3, belong to r, i£ , and e h ,e i2 ,e i3 correspond to three 
sides of the same triangle A, then the cyclic order at the vertex of T i s dual to A is 

(c) We finally number the remaining edges arbitrarily. 
In particular, our numbering satisfies the following conditions 

(i) the first m edges are the duals of {71, ... , y m }, 

(ii) if gjj and e, 2 belong to one of the trees Y iE , and g fj is contained in the path from e, 2 to the 
root, then ii < i 2 , 

(iii) if e tl belongs to one of the tree I\ e , and e, 2 £ {e\, . . . , e m } does not belong to any tree, then 
h < h- 

We will call a numbering of the edges of Y satisfying the conditions above a compatible number- 
ing with respect to the trees {r, +}. 

By a slight abuse of notation, in what follows we will denote by the same letter an edge of Y 
and its dual in T (1) . For any edge e t in T (1) , let z, = x { + iyj be the complex number associated to 
e, (by an embedding of a neighborhood of e t in K 2 such that £ is mapped to d y ). Recall that we 
have card(T (1) ) = A/\ and card(T (2) ) = N 2 . By assumption, we have Xj ^ 0, Vz 6 {1, . . . , A^}. We 
always choose the orientation of e t so that jc, > 0. 

Set Z = (zi, . . . ,zni) 6 C Wl . Each triangle in T (2) (vertices of Y) gives an equation of the form 
([3]). The collection of all of these equations gives us a system St. Let Vt denote the subspace of 
C^ 1 consisting of solutions of St- Recall that from Lemma l3TTl we know that dime Vt = 2g+n-l . 
Clearly we have Z e V T . We wish now to describe the additional conditions that Z must satisfy. 
For this, let us pick a triangle A in T (2) , and let {e ix , e i2 , e tj ) be the sides of A written in the cyclic 
order induced by the orientation of M, where i\ = minjz'!, z 2 , z'3}. Let r a be the tree in the family 
{r, +} that contains the vertex of Y dual to A. 

(A) If A is the root of Y a , then e,-, e [e\,..., e m }. If e ;] £ {e\,,.., e m ), then e ix is the unique 
edge of r ff that is included in the path from A to the root. By construction, in both cases 
we always have 
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(7) < x h < x h and < x h < x h . 
We will call e ix the base of A. 

(B) Given v = (x, y) and V = (x',y') two vectors in K 2 , let us define 

v A V = det(* y ) = xy' - x'y. 
Considering a complex number z as a vector in R 2 , we have 

A(A) = ^z h Az h = ^lm(z h z h ). 

Thus, Z must satisfy 

(8) lm(ZhZ i2 ) = x h y h - x k y h > 0. 

(C) Removing e ix from the tree T a , we get two subtrees 1^, and T^, where T' a is the one that 
contains A. The union of triangles of T dual to the vertices of T' a can be identified with a 
polygon P in K 2 which has a side corresponding to e ;] . Note that if a = (., +), then e,-, is 
the lower side of P (that is all vertical downward rays from the vertices of P intersect ), 
and if a = (., -), then e (1 is the upper side of P (all vertical upward rays from the vertices 
of P intersect 

Without loss of generality, we can assume that e h is the lower side of P. The triangle 
A is identified with a triangle included in P whose vertices are denoted by A, B, C, where 
A and B are the left and right endpoint of e ix respectively. Note that by the convention on 
the cyclic ordering, we have e i2 = CB, e, 3 = AC. 

If P is a vertex of P different from A and B, we denote by P the intersection of the 
vertical (downward) ray from P with int(A5), we will call P the projection of P to AB. 
Let us denote by h(P) the length of the segment PP. We denote the vertices of P whose 
projection to AB is between A and C by D\, . . . , D r so that D t is between A and D ;+1 . 
Similarly, we denote the vertices of P whose projection to AB is between C and B by 
Ei, ... , E s in such a way that Ej is between C and Ej+i. 
Recall that by construction, we have 

h(C)<h(Di), Mi=\,...,r, 

and 



h(C)<h(Ej), j=l,...,s. 
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It is easy to check that the condition h(C) < /z(A) is equivalent to D t C A AB > 0. As 

— > > > — > 

D t C = AA+i + • • • + D r C, and the sides of P are the edges of T, we can write D t C as a 

linear function f of Z. Consequently, the condition on h(D t ) becomes 

(9) ImfeJ) > 0, Vi = l,...,r. 

Similarly, for Ej, j = 1, . . . , s, we have h(C) < h(Ej), and these conditions are equivalent 
two 



(10) Imfo-^O, Vj=l,...,s. 

where gj are some linear functions of Z. The functions f, gj are completely determined 
by the tree Y' a . Note also that, a priori, we cannot replace the inequality in (flOl) by a strict 
one. 

Let (r, {r ; +}) be an admissible family of graphs, and choose a compatible numbering of the 
edges of Y. Let V be the space of solutions in C^ 1 of the system of linear equations associated to 
the vertices of Y. Let D be the subset of V which is defined by the inequations ©, ©, ©, (flOl) . 
For every Z = (zi, . . . ,Za?,) e 2), we define ^(Z) to be the triple (M, to, {ji, . . . ,y m }), where 

• M is the surface obtained by gluing the triangles constructed from the coordinates of Z 
(using the graph Y). 

• to is the holomorphic one-form on M satisfying to = dz in each triangle. 

• ji is the saddle connection in 2 corresponding to the edge of Y which connects the roots 
of and 

Proposition 4.6. Let Do be a component of D. If ^(Z) e < H (m) (k) for some Z e D , then 
^(Do) c < H (m) (fc), and ¥ realizes a homeomorphism from Do onto its image. 

Proof. Since the topological invariants of ^(Z) depends continuously on Z, they are constant on 
each connected component of £). 

If (M, to, {yi, . . . , y m }) = ^(Z), the surface M can be constructed as follows: for each tree Y^ E , 
we construct the polygon P, £ e R 2 by gluing the triangles corresponding to the vertices of Y i £ , 
we then glue the polygons P, e to get M. Note that by construction, we obtain M together with an 
admissible triangulation T whose dual graph is Y. Since Z satisfies the inequations ©, ©, ©, 
(fTOl) . T is the special triangulation of (M, to, {y u . . . , g m }). If we have »F(Z) = ^(Z') but Z' ± Z, 
then we obtain an element in "K (m) (fc) with two special triangulations, which is impossible. It is 
clear that ¥ is a locally homeomorphic. The proposition is then proven. □ 

Since D is defined by finitely many inequations, it has only finitely many components. Remark 
that the action of the subgroup U- = ( * 2 ) of GL + (2, R) on C Ni preserves the inequations ©, ([8]), 
©, (flOl) . Therefore, we have shown the following 
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Theorem 4.7. There exists a partition of < H^ m \k)* into finitely many subsets which are U-- 
invariant. Each subset in this partition is homeomorphic to a component of the subset of a 
linear subspace of dimension 2g + n - 1 ofC N> , which is determined by the inequations ([7|), ([§]), 
©, (tZO]) via the map W. 

5. Proof of Theorem 12.31 

5.1. Primary and auxiliary families of indices. Given an admissible family of graphs (T, fl\±}), 
where Y is the dual graph of a special triangulation T of an element (M, cj, {yi, . . . , y OT }) e 
< H (m) (fc), let us choose a compatible numbering of the edges of Y. We denote by Sr the sys- 
tems of linear equations of type © associated to Y, and by V r the subspace of C Nl consisting of 
solution of S r . 

In what follows, we will say that a family of coordinates {zi, i e /} is dependent with respect 
to S r if there exists a vector (A,;);e/ e R 7 such that zZieihZi = 0, for all (zi, ■ . . ,Zni) e V r . The 
family {z,, z e /} is said to be independent with respect to Sr, if such a vector does not exist. 
We have another interpretation of dependent and independent families as follows: let a,, i = 
l,...,N2, denote the row vectors corresponding to the equations of the system S r , we con- 
sider a; as an element of the space (C^ 1 )* which is equivariant by conjugation. Set V r = 
Yect R {a u ...,a N2 } c (C^ 1 )*. For any family / c {1,...,AM, set R 7 = {(l u . . . ,l Nl ) : X,- = 
if i i 1} c R Nl , we regard R 7 as a subspace of the space of C-linear forms (C^ 1 )* equivariant 
by conjugation. If a = (kdiei e R 7 n V r , then a(Z) = £ (e7 "kiZi = for all Z = (zu ■ ■ ■ ,Zn x ) g V r . 
Thus / is an independent family if and only if R 7 n V* = {0}. 

Remark 5.1. 

• Since the coefficients of a t are in {0, +1}, if the family {n, i e /} is dependent, we can 
choose the vector (^,) !e / such that ^ e Z, for all i e I. 

• Let et denote the edge ofT which corresponds to zu A family I is independent with respect 
to Sr if and only if the family {e,, i 6 /} is independent in H\(M, [pi, . . . , p n ); Z). 

Definition 5.2. The primary family of indices of(Y, {Y i± }) is the unique ordered subset (i lt . . . , iag+n-i) 
of {1 , . . . , Ni} that satisfies the following properties 

• h < 4+i) 

• /i,..., i2g+n-i is an independent family of indices with respect to S r , 

• For all k e [1, . . . ,2g + n - 1}, if i < 4 then the family (?!,..., 4-i, is dependent with 
respect to Sr. 

Remark 5.3. The primary family of indices can be found inductively by the following procedure: 
first we take i\ = 1 , . . . , i m = m, recall that e\ = j\ , . . . , e m = y m , and by assumption (y i , . . . , y m ) 
is independent in H[(M, {pi, . . . , p n }; Z), hence the family [ii,...,i m } is independent with respect 
to Sr. Assume that we already have an independent family (4, . . . , 4), then 4+i is the smallest 
index such that . . . , 4, 4+i) is independent. 

Let us denote by / the primary family of index of (T, {T, +}). 
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Definition 5.4. An auxiliary family of I is an ordered family of indices J = (j m +i, . . . , jig+n-i) 
which satisfies the following condition: for any k e {m + 1, . . . , 2g + n — 1}, and ej k is the base of 
one of the triangles in T that contains In particular, we have j k < 4- 

Remark 5.5. By definition, we have j k < i k , thus (4, • ■ ■ , ik-\,jid is a dependent family. Since the 
family (4, . . . , 4-i) is independent, it follows that Zj k is a linear function of(zi x , . . . , Zi k _ { ) in V r . 

An auxiliary family of / can be found as follows: for each 4 e I, k > m, consider the corre- 
sponding edge e ik of Y. We have two cases: 

• ei k belongs to some tree T a . In this case, let A^ be the triangle of T dual to the endpoint 
of ei k which is closer to the root of Y a . Let e? and e?> be the other sides of A k where 
i' k > i'!. We have 4 ^ niin{4, i' k , i' k } by the definition of compatible numbering. Thus 
i' k ' = min{4, i' k , i' k ), which implies that e,« is the base of A k , and we can choose j k to be i' k '. 

• e ik does not belong to any of the trees Y a . Let A^ be one of the two triangles in T that 
contains e\ k . Again let e? and e,» be the other sides of A^ where i' k > i k . By the definition 
of compatible numbering, we also have 4 ^ min{4, i' k , i' k }, hence we can choose j k to be 
i" 

5.2. Proof of Theorem |23J 

Proof. Fix an admissible family of graphs (r, {r, +}) together with a compatible numbering of 
the edges of Y. Let / = (4, ■ • ■ , 4g+«-i) be the primary family of indices of (Y, {Y i± }) and J = 
(j m+ i, . . . , jig+n-i) an auxiliary family of indices of /. Since card{/} = dime Vr, there exists a 
linear isomorphism with rational coefficients 



which satisfies f k = z k , V4 6 /• To simplify the notations, we write f k instead of f jv for every 

jk 6 J- 

Let D be the domain of V r which is defined by the inequations ©, ®, ©, (El. By a slight 
abuse of notations, we will denote also by D the corresponding domain in C 2 ^"' 1 (via F). For 
every (z\, . . . , Z2g+«-i) e £>, let A((zi, . . . , Z2 g +n-i)) denote the area of the surface constructed from 

F((zi,...,Z 2 g+n-l))- 

Let us write z, = x { + iy h with Xj,yj e R, i = 1, . . . ,2g + n - 1, and f k = a k + ib k , a k , b k e 
R, k = m + 1 , . . . , 2g + n - 1. Remark that the coefficients of f k are real, therefore a k is a real 
linear function of (jci, . . . , ^-i), and b k is a real linear function of (yi, . . . ,yk-i)- 

To prove the theorem, is is enough to show that 



To prove the inequality (fTTI) we will only make use of the conditions ©, and ©. We first 
observe that the inequation (Q implies that for any (xi + ryi, . . . , x 2 g+ n ~i + tyig+n-i) s D, we have 



F : 



(zu... ■,Zlg+n-\) l— * \f\{Z\, . . ■ ,Z%g+ n -l)), . . ■ ,ftf Y yZ\, . ■ . ,Z2g+n-V) 



(ID 
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(12) 

Set 



< x k < a k , k = m + 1 2g + n — 1. 



D* = {(z,x), z e C m ,xe R 2 + s+n ~ l ~ m , (z,x) satisfies c C m x R+ g+n_1_m . 
For any (z, x) e D*, set 

= {y = (y m+1 , . . . ,y 2g+ n-i) e R 2 ^"- 1 "" 1 : (z,x + iy) e £>}. 
The inequality (fTTj) now becomes 



(13) J 



I 



-(kil 2 /e?+-+lz m | 2 /4) 



If 



e A dy m+ i . . . dy2 g+ „-i 



dh 



2g+n—l—m 



dX 2m < Kel . . . e 2 ,. 



where l 2 g+n-i-m 

— dx m +\ . . . dx2g+n-\ and d~k2m — dx\dy\ . . . dx m dy m are the Lebesgue measures 
of R 2 g+ n-i-m and C m respectively. 

For every k e {m+ 1, . . .,2g + n - 1}, let Ajt denote the triangle in T that contains e, 4 and ej k . 

Claim 5.6. lfk + k! , then A k ± A k >. 

Proof. We can assume that k < k'. If A k = A k > then e ik , ej k , e ik , are contained in the same triangle, 
which implies that Zi k , is a linear function of (z.i k ,Zj k ) in V r . By assumption, Zj k is a linear function 
of (zij , • • • , Zi k _ { ), thus zi k , is a linear function of (z,-, , . . . , z- h .) which is impossible since . . . , it ) 
is an independent family. □ 

Let n k be the area of A^.. The previous claim implies immediately that 



(14) 



2g+n-l 

A> J] r] k . 

k=m+ 1 



As functions on C 2g+n 1 , n k are given by 

n k = +^Im(/^) = +]-{a k y k - x k b k ). 
Since b k is a linear function of (yu . . . ,y k -{), we have 



^-a* if j = k, 
if j > fc, 



and 
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dr] m+l ...dr\. 



2g+n-\ 



Therefore, we have 



det 



( ±a m+ i 

* ±«m+2 

* * 






±®2g+n-l J 



\dy m+ i . . . dy 2g +n-l ■ 



dy m+ i . . . dy2 g 



2 2 s 



+n—l-m 



Cl m+ \ . . . Cl2g+n-l 



dr\ m +\ . . . drj 2g 



+n- 1 • 



It follows from (H4b that 



I(z,x):= f 



^2g+n—\-m 

e~ A dy m+ \ . . . dy 2 g+ n -i < 

:,x) a m+i ■ ■ -Glg+n-l Jj%x) 



e dTjm+i . . . aT]2g+n-l- 



The conditions © mean that the functions r]t are positive on J/(z, x). Thus we have 



I(z,x) < 



2 2g 



+n-l-m s*+oo 



u m +i . . . a,2g+ii-\ Jo 



- I dr] m+1 . . . I e- ms+ '- l dri2g + n~i 

1 Jo Jo 



2 2 s 



+n— 1 —m 



@m+l ■ ■ ■ &2g+n—l 



and 



(15) 



I < 2 2g+n - 



l-m 



)& a m+\ ■ ■ ■ a 2g+n-\ 

From the definition of D*, the right hand side of (fl"51) is equal to 



dx2 g + n -\ ■ ■ ■ dx m+ \d~K 



'2m ' 



22g+n-l-m f e -(|zi| 2 /e?+-+k B | 2 /4) [ \(i f 

Jc m \Jo \ \Jo 

Since a m+i ,...,a k do not depend on x k , we have 



<22g+m-l 



1 



Cl m+ \ . . . Cl2g+n-l 



dX2g+n-\ I • ■ • I d.X m+ i I d\.2m- 



I ■■■ I dXzg+n- 

Jo \ \J() a m+l • • • fl 2g+n-l 



1 1 ... I <£* m +i - 1. 



Thus 



j < 2 2 g+ „-i- m f g -(bil 2 K+-+ls.l 2 /4)^ l£ f yi . . . d* m dy m = 2 ^ +n - l - m 7T m e 2 . . . t£. 

JC" 

The inequality (fl"3T) is then proven. The proof of Theorem 12.3 l is now complete. 
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6. Quadratic Differentials 

6.1. Half-translation surface with marked saddle connections. Let us denote by Q (m) (d) the 
set of triple (M, (p, {71, . . . , y m }\ where 

• (M, (p) is an element of Q(d), 

• {71 y m } be an independent family of saddle connections in M. 

There exists a natural projection q : Q {m \d) — » <3(J) consisting of forgetting the markings 
of the saddle connections. This projection is locally homeomorphic, hence we can pullback the 
Lebesgue measure d[i of Q(d) to Q {m) (d). We define a function $ e : <3 (m) (J) — » R as follows 

m I I 

8f £ : (M, 0, {71, ■ ■ ■ , y m }) h> exp(- ^ -y - A(Af)). 



Theorem ll.4l is a direct consequence of the following theorem 
Theorem 6.1. 77zere exists a constant K = K(d, m) such that 



f. 



€t m Xd) 



% £ d/u <Kef... 4. 



6.2. Proof of Theorem O 

Proof. Let Qt™Xd) be the subset of <3(J) consisting of pairs (M, (p) such that there exists an inde- 
pendent family of m saddle connections {yi, . . . , y m } on M satisfying \y^ < e?A(M). Let Qg(d) 

be the pre-image of Q { ™\d) by the natural projection q : Q (m \d) — > <3(J). Theorem |6. 1 1 implies 
immediately that 

(16) 

Set 



f 



(M, 0) i-> e 



-A(M) 



I 

{y\,---,y m } 

k independent family in M 



lr,»l- 



We have 



But by definition we have / e (.) > e -( m+1 ) A ( ) on Q ( f(d). Therefore 
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(17) f e- im+mi:) d/u<Ke 2 1 ...el 

Now, the space Q(d) can be locally identified with an open in R 2d , where d = dim c Q(d), 
so that dp is the Lebesgue measure. In this identification, Qi(d) becomes the hypersurface Qi 
defined by the equation A = 1 . Using the change of variables 

O: QiX]0,+co[ -> R 2d 
(v, t) i-» t • v, 

we have 0*A = t 2 , and Q)*dp = 2t 2d ~ l dtdpi. The inequality (fT7T) then implies 

(18) ( It^e-^'dtWx <Ke\... e 2 

jQ^id) Jo 

Thus, 

p 1 (Q™(d))<Ce 2 l ...e 2 m . 

□ 

6.3. Symmetric special triangulation. Given an element (M, <p, {y l5 . . . , y„,}) of <3 (m) (J), let jt : 
M — > M be the canonical double covering of M, and x be the covering involution of M. Let co be 
the holomorphic one-form on M such that Tt*</> = cD 2 . We first notice that (M, a;) belongs to some 
stratum 'H(k), where the vector k depends only on the component of Q(d) that contains (M, (p). 
We denote by y) , y 2 the pre-images of y { by Jt, which are saddle connections in M. Note that the 
orientation of yj is chosen so that x(yj) = -y 2 (which implies x(y 2 ) = —y\). By assumption, we 
have int(y*) n int(y;v) = unless (i, s) = (/', s'). 

Given v e S 1 , the direction v is not well defined on M, but the notion of "parallel" is well 
defined. In what follows, we will call a geodesic segment (resp. separatrix, saddle connection) 
parallel to the vectors (0, +1) a vertical segment (resp. separatrix, saddle connection). 

Let us recall briefly a way to define the local chart on a neighborhood of (M, <f>, {y lf . . . , y m }). 
Set S = Jt _1 (S), where S is the set of zeros and poles of (p. Let Hi(M, S ; Z)~ be the set of cycles 
c e Hi(M,S;Z) such that x(c) = -c. A surface (M',(p') close to (M, 0) gives rise to a surface 
(M',co') close to (M,co) together with an involution x' in the same homotopy class as x. Thus 
we can identify H^'J'; Z)~ with Hi(&,§;Z)-. Choose a basis {c u . . .,c d ) of H X {M,S\ZT, 
then the period mapping O : (A/', <p') i-> ( f a/, . . . , f a/) is a local chart for Q(d), in which 

the volume form p, is identified with the Lebesgue measure of C d . If (M', 4>') is close enough to 
(M, 0) in <3(<f), then there exists a homeomorphism : M — > M' such that {<^(yi), . . . , </?(y m )} is 
a family of saddle connections with disjoint interior. Therefore, 6 can also be viewed as a local 
chart for Q {m) (d) in a neighborhood of (M, <f>,{y\,..., y m })- 
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Let Q (m) (d)* be the set of (M, <p, {y u ... , y m }) e Q {m \d) which satisfy the following condition: 
every vertical separatrix intersects the set Ui^^intfy,-) before reaching a singular point. The 
following lemma follows from the same argument as Lemma |4~T1 

Lemma 6.2. Q (m \d)* is an open dense subset, hence of full measure, ofCf m \d). 

Suppose that (M, <f>, {y u yj) belongs to Q {m \d)\ then (M, Co, {y\,f v ...,?„, fj) belongs 

to < H (lm) ^Cf . Let T be the special triangulation of M with respect to the family {yj}. Since 
we have x*Co = -Co, it follows that the involution x sends a separatrix indirection (0, 1) to a 
separatrix in direction (0,-1) and vice versa. By definition, the family of saddle connections 
iy*} is invariant under x, therefore, x induces a permutation on set of vertical separatrices joining 
singular points of M to the segments yf. As a consequence, the triangulation T is invariant under 
x. We deduce in particular that x induces an involution on the set T (1) . 

Let Ni and N 2 be the number of edges and of triangles in T respectively. We choose the 
orientations of the edges of T so that Co(x(e)) = -Co(e) for all e e T (1) . We consider a vector 
Z e C N > as a function from T (1) to C. We have a system Sf of ^2 linear equations of the form ©, 
each of which corresponding to a triangle in T (2) . We add to this system the equations 

(19) Z(e') = Z(e) 

where e, e' e T (1) such that x(e) = -e' . Let Sf denote the resulting system, and Vf c C^ 1 denote 
the space of solutions of Sf . Clearly, the integrals of Co along the edges of T gives us a vector 
in Vf . Given Z' 6 Vf close to Z, we can construct a surface (M\ Co') together with 2m saddle 
connections yf, and an involution x' : M' — > M' satisfying x'(y) 1 ) = -y^- Thus we have a 
continuous mapping defined in a neighborhood of Z in Vf to Q {m) {d). It is not difficult to 
check that dim c Vf = dim c Q (m) (d) = 2g + n - 2, and in a local chart of Q {m) (d), ¥f is a linear 
isomorphism between complex vector spaces. Let D be the domain in Vf which is defined by 
the inequations CD),®, ©, (flOl) . and D be the component of D that contains Z. The following 
proposition follows from the same argument as Proposition [4T6] 

Proposition 6.3. The map ^f is well defined and injective in D$, it realizes a homeomorphism 
between D Q and its image in Q (m \d). 

Let us now define 

Definition 6.4. Let Ybea trivalent graph with N 2 vertices and N\ edges. Let TJ ± , i e {\, . . . ,m}, s e 
{1,2}, be a family of disjoint subgraphs ofT which are trees. We will say that (Y, {L? + }) is a 
symmetric admissible family of graphs if(T, {L? + }) is an admissible family of graphs (see Defi- 
nition POT) , and there exists an involution xofY which satisfies x(P? £ ) = Y s ._ s , where we use the 
conventions 3 =* 1, " - -" a " + ","_+" ~ «_» 
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Let T be the dual graph of T. For each fj, let rf (resp. r?_) be the tree in T which is dual to 
the union of triangles in T (2) that cover the vertical separatrices reaching int(yp from the upper 
side (resp. lower side). By construction, (Y, {T] + }) is a symmetric admissible family of graphs. 
The following theorem follows from the same arguments as Theorem 14.71 
Theorem 6.5. There exists a partition ofQ (m \d)* into finitely many subset, each of which corre- 
sponds to a component of the subset determined by the inequations (TZll®> ([9]), rfTOl) of a subspace 
V of dimension 2g + n - 2 ofC Nl . The space V itself is determined by a symmetric admissible 
family of graphs. 

6.4. Proof of Theorem H3J 

Proof. Let (T, [T s i± ]) be a symmetric admissible family of graphs. Choose a compatible num- 
bering of the edges of Y. Without loss of generality, we can assume that e t is the root of 

1 A 

r,' + , i = 1, . . . ,m. Let Sr denote the linear system associated to (T, {L? + }), and Sr the system 

obtained by adding to Sr the equations of type (fl9l) . Let V be the space of solutions of Sr in C Nl . 
Let D be the open subset of V determined by the inequations ©, ([8]), ©, (flOl) . We consider 
a vector Z = (z\, . . . ,Z#,) e C^ 1 as a function from the edges of T to C, where z\ = Z(ej). By 
construction, there exists a continuous map *F : D — > Q (m \d) which is injective. The pullback of 
the function g e by *P is given by 

f*MZ) = exp(-(^£ + • • • + ^) - ACF(Z))). 
From Theorem [631 it suffices to show that 

f e - to|2/e ? + - +lz - |2/ ^- A ^<^...4. 

For this purpose, let us first prove 
Lemma 6.6. The family of coordinates (zi, . . . ,z m ) is independent in V. 

Proof. Assume that there exists (k\, ■ ■ ■ , Kn) € R m such that r K\Z{e\) + • • • + X m Z(e m ) = for all 
Z 6 V. Let e ik = x(e k ), k = 1, . . . , m. Since Z satisfies the equations (fT9b . we also have 

(20) h(Z(eO + Z(e h )) + ■■■ + l m (Z(e m ) + Z(e im )) = 0, VZ 6 V. 

Let (M, co, {y\,yl, ■•■,7m,7m}) be the canonical double covering of T'(Z), then (e^eQ corre- 
sponds to the pair of saddle connections (y\, y\) that are exchanged by the involution t of M. Note 
that we have an isomorphism between V and H l (M, S ; C)~ = {a e H\M, S ; C) : t*^ = -a}. 
Condition (1201) implies that 



a(kdh] + ■■■ + K[7m\) = 0, Va 6 H^Mj-CT, 
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where [%] = [yl\+[f k l Since H\M, S ; C)~ = Hom R (//,(M, 5 ; R)~, C), and [y*] € Hi(M, S ; R)~, £ = 
1, . . . , m, it follows that 

Uh] + --- + K[%]=OeH l (M,S;W). 

Therefore, we have a contradiction to the hypothesis that the family {[71], ... , [y m ]} is indepen- 
dent in Hi(M, S ; R). The lemma is then proven. □ 

The remaining of the proof of the theorem follows the same lines as Theorem 12.31 □ 
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